Dynamical chiral symmetry breaking is studied in the NambuJona-Lasinio model for an arbitrary combination of external constant electric and magnetic fields in 3+1 and 2+1 dimensions. In 3+1 dimensions the case E · H = 0 is studied. It is shown that the critical coupling constant decreases with increasing the angle between E and H and is minimal when E and B are perpendicular. It is also shown that even in the case of very strong magnetic field the critical coupling constant is not equal to zero if E · H = 0 in contrast to the case of purely magnetic field. The case of 2+1 dimensions is simpler because there is only one Lorentz invariant of electromagnetic field and any combination of constant fields can be reduces to cases either purely magnetic or purely electric field.
In works [1] [2] [3] it was first shown in the so called ladder approximation that quantum electrodynamics (QED) in the regime of strong coupling has a new phase with dynamically broken chiral symmetry. The new phase of QED possesses very interesting properties from the theoretical viewpoint [4] [5] [6] . There were attemts to use them for modelling electroweak symmetry breaking in technicolor-like models [7] . However, at present the new phase of QED has little relevance to experiment because we need a strong coupling α c ≈ 1 (recall that the physical value of electromagnetic coupling constant is α c = 1 137 ≪ 1). However, as was suggested in [8, 9] , the situation may drastically change in the presence of strong external electromagnetic fields where dynamical chiral symmetry breaking (DχSB) may occur at the regime of weak coupling. A remarkable breakthrough in this direction was made in [10, 11] , where, in the framework of the Nambu-Jona-Lasinio (NJL) model [12] , it was shown that DχSB breaking takes place in an external constant magnetic field at any small attraction between fermions both in 2 + 1 and 3 + 1 dimensions (note that the fact that external magnetic field enhances DχSB was first noted in the NJL model in [13] (see also [14] )).
As shown in [10, 11] , in the infrared, dynamics of fermions in magnetic field in 2 + 1 and 3 + 1 dimensions resembles the dynamics of fermions in 0 + 1 and 1 + 1 dimensions, respectively. Therefore, we have an effective reduction of dimension of space-time by 2 units and as a result the critical value of the coupling coustant in external magnetic field is equal to zero. It was latter shown in [15] that the same effect takes place in QED in external magnetic field. Note that although the critical value of coupling constant is zero extremely strong magnetic fields (H ≥ 10 13 G) are necessary for experimentally significant consequences because the correction to the physical mass of electron is very tiny for weak magnetic fields.
The case of constant electric field was considered in [13] where it was shown that the value of the critical coupling constant is more in this case than in the case without electric field. In the present work we study DχSB in the NJL model in the case of an arbitrary combination of constant electric and magnetic fields in 3+1 and 2+1 dimensions. We first consider the case of 3+1 dimension. As well known, electromagnetic field has two Lorentz invariants 1 2
Since the cases of purely electric and magnetic constant fields were already studied, in the present work we consider DχSB in external constant electric and magnetic fields such that the second invariant of electromagnetic field |E| · |H| is not equal to zero.
The lagrangian of NJL model [12] in an external electromagnetic field reads:
where D µ is the covariant derivative D µ = ∂ µ + ieA µ and j = 1, 2, . . . , N flavor index. Lagrangian (1) is invariant with respect to the U L (N) × U R (N) chiral group. By using auxiliary fields π and σ, we can rewrite (1) in the following form:
By taking integrals over fermion fields, we obtain the effective action for π and σ fields:
To obtain the effective potential for σ and π fields, it sufficies to consider the case of constant fields σ = const, π = const. Since the effective action is invariant with respect to the U L (N) × U R (N) chiral symmetry, the effective potential depends on π and σ fields only through the chirally invariant combination
Therefore, in what follows it is sufficient to set π k = 0 , σ k = 0 for k = 2, . . . , N and consider the effective potential only for the field σ 1 which we simply denote σ. Thus,
By using the method of proper time [16, 17] , we represent the first term in (4) as follows:
As well known [17] , vacuum of QED is not stable in an external electric field and the effective potential has an imaginary part which defines the rate of birth of fermion-antifermion pairs from vacuum per unit volume. Since we study the problem of DχSB, we can ignore this effect and consider only the real part of effective potential which is equal to
where
In (6) we introduced a cut-off 1 Λ 2 and v.p. of the integral in s is present because we consider only the real part of the effective potential (recall that the imaginary part of the effective potential is given by residues in poles of cot(Ns)). The gap equation δV /δσ| σ=m = 0 has the form
This gap equation was studied for the cases where the invariant of electromagnetic field E · H is equal to zero, i.e. for cases of purely electric and magnetic external fields. We consider the case E · H == 0. Recall that in the case of purely magnetic field the critical coupling constant is equal to zero g cr = 0. At first we show analytically by using some inequalities that the presense of nonzero electric field parallel to magnetic field, (|E| · |H| == 0) essentially affects dynamical chiral symmetry breaking.
cot(Ls) in the integrand of the gap equation (6) has the first zero at s = π 2L
. The integral from π 2L to infinity is negative because the integrand is the product of the periodic function with alternating signs cot(Ls) and the monotonously decreasing function e −sm 2 coth(Ms) and cot(Ls) is negative at the beginning of the interval of integration. Thus,
. Since cot(Ls) ≤
1/s in the interval
and coth(x) ≤ 1/x + 1 for x ≤ 0, we have
where g =
and we obtain the estimate
Thus, even for very small E · H critical coupling constant g cr → 1 as Λ 2 → ∞, i.e. the presense of nonzero electric field parallel to magnetic field essentially affects dynamical chiral symmetry breaking and even in the case of very strong external magnetic field g cr == 0 if |E||H| == 0 in contrast to the case of purely magnetic field.
We found a rough analytic estimate from below for the critical coupling constant. By calculating the integral in (7) for m = 0 numerically, we obtain more accurate dependence of critical coupling constant on the value of E · H. A typical dependence of critical coupling constant on the angle between E and H in the case of strong electric field | E| ≫ | H| is shown in Fig.1 
. We see from these figures that the value of critical coupling constant decreases with increasing the angle between E and H and is minimal when E and H are perpendicular. In the case | E| ≫ | H|, g cr is always more that 1 (g cr is minimal for θ = π 2 that corresponds to the case of purely electric field where as known g cr > 1). In the case | H| ≫ | E|, we see that g cr abruptly drops as θ → π 2
, we have the case of purely magnetic field for which g cr = 0). In the case | E| = | H| the critical coupling constant is also monotonuously decreases with increasing the angle between the vectors of electric and magnetic fields and is minimal for θ = π 2 that corresponds to the case without external fields.
We now consider the case of 2 + 1 dimensions. We use the reducible 4-dimensional representation of the Dirac algebra for fermion field in order that the model possesses a chiral symmetry (in fact, there is two chiral symmetries with γ 5 and γ 3 matrices, for more details see [18] ), and we do not study parity breaking. Thus, we have the following gap equation for parity conserving mass:
where S (m) A is the fermion propagator in an external constant electromagnetic field which has the following form in the Fock-Schwinger proper time formalism:
where ǫ → 0 and
By taking trace over the Dirac indices in (12), we obtain
where X = 1 2 F µν F µν = H 2 − E 2 (note that magnetic field is a pseudoscalar in 2 + 1 dimensions, not vector).
As well known, in 2+1 dimensions there is only one Lorentz invariant 1 2 F µν F µν of electromagnetic field. Indeed, we can see from (14) that the gap equation depends on electromagnetic fields only through this Lorentz invariant. Consequently, an arbitrary combination of constant fields can be reduces to cases either purely magnetic or purely electric field. The case of constant magnetic field in the Nambu-Jona-Lasinio model in 2+1 dimensions was considered in [10] . Therefore, we study here only the case of constant electric field.
In the case of external electric field the gap equation has the form
where we explicitly wrote down the term which corresponds to the gap equation without external electric field and E = | E|. Further, by using the fact that τ coth τ − 1 = τ (1 + , we obtain that Re e
Consequently, the gap equation takes the form
From (20), we obtain the following value for critical coupling constant:
Thus, an external constant electric field increases the value of critical coupling constant. Note that the same is true in 3+1 dimensions (see [13] ). It is not difficult to show that in the vicinity of critical point
where C 2 = −2 ζ(1/2) ζ(3/2) ≈ 1.12. Thus, this phase transition is a phase transition of the second order. Since we have only one Lorentz invariant of electromagnetic field X 2 = 1 2
F µν F µν = B 2 − E 2 in 2+1 dimensions, by using an appropriate frame, the general case of non-zero constant electromagnetic field can be reduced to the cases of pure electric or magnetic field. 
